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ONSAGER’S CONJECTURE ALMOST EVERYWHERE IN
TIME

TRISTAN BUCKMASTER

ABSTRACT. In recent work by P. Isett [I5], and later by Buckmaster,
De Lellis and Székelyhidi Jr. [2], iterative schemes where presented for
constructing solutions belonging to the Holder class C'*=¢ of the 3D
incompressible Euler equations which do not conserve energy. The cited
work is partially motivated by a conjecture of Lars Onsager in 1949 re-
lating to the existence of C'/*~¢ solutions to the Euler equations which
dissipate energy. In this note we show how the later scheme can be
adapted in order to prove the existence of non-trivial Holder continu-
ous solutions which for almost every time belong to the critical Onsager
Holder regularity C'*7¢ and have compact temporal support. The so-
lutions constructed display characteristics reminiscent to the concept of
intermittency found in literature related to highly turbulent flows.

0. INTRODUCTION

In what follows T? denotes the 3-dimensional torus, i.e. T% = S' xS x S'.
Formally, we say (v, p) solves the incompressible Euler equations if

ov+divie®uv+Vp=0 (1)
dive =0 '

Suppose v is such a solution, then we define its kinetic energy, as

E(t) := %/|v(:17,t)|2 dx.

A simple calculation applying integration by parts yields that for any classi-
cal solution of (1) the kinetic energy is in fact conserved in time. This formal
calculation does not however hold for distributional solutions to Euler (cf.
(19, 20, 5, 6, 211 ).

In fact in the context of 3-dimensional turbulence, flows dissipating energy
in time have long been considered. A key postulate of Kolmogorov’s K41
theory [16] is that for homogeneous, isotropic turbulence, the dissipation rate
is non-vanishing in the inviscid limit. In particular, defining the structure
functions for homogeneous, isotropic turbulence

p

PN

Sp(l) = ( | (v(z + ) — (@) -

1

[ N I SN


http://arxiv.org/abs/1304.1049v3

2 TRISTAN BUCKMASTER

where ¢ denotes a spatial vector of length ¢, Kolmogorov’s famous four-fifths
law can be stated as

4
53(6) = —g&'dg, (2)
where here ¢4 denotes the mean energy dissipation per unit mass. More

generally, Kolmogorov’s scaling laws can be stated as
Splt) = Cre,l 0P, 3)

for any positive integer p.

A well known consequence of the above scaling laws is the Kolmogorov
spectrum, which postulates a scaling relation on the ‘energy spectrum’ of a
turbulent flow (cf. [14,[12]). It was this observation that provided motivation
for Onsager to conjecture in his famous note [I§] on statistical hydrodynam-
ics, the following dichotomy:

(a) Any weak solution v belonging to the Holder space C? for § >
conserves the energy.

(b) For any 6 < % there exist weak solutions v € C? which do not
conserve the energy.

1
3

Part (a) of this conjecture has since been resolved: it was first considered
by Eyink in [IT] following Onsager’s original calculations and later proven by
Constantin, E and Titi in [4]. Subsequently, this later result was strength-
ened by showing that under weakened assumptions on v (in terms of Besov
spaces) kinetic energy is conserved [10] [3].

Part (b) remains an open conjecture and is the subject of this note. The
first constructions of non-conservative Holder-continuous (C'/'°~¢) weak so-
lutions appeared in work of De Lellis and Székelyhidi Jr. [7], which itself was
based on their earlier seminal work [9] where continuous weak solutions were
constructed. Furthermore, it was shown in the mentioned work that such
solutions can be constructed obeying any prescribed smooth non-vanishing
energy profile. In recent work [I5], P. Isett introduced a number of new ideas
in order to construct non-trivial 1/5 — ¢ Holder-continuous weak solutions
with compact temporal support. This construction was later improved by
Buckmaster, De Lellis and Székelyhidi Jr. [2], following more closely the ear-
lier work [9, [7], in order construct 1/5 — ¢ Holder-continuous weak solution
obeying a given energy profile.

In this note we give a proof of the following theorem.

Theorem 0.1. There exists is a non-trivial continuous vector field v €
C'F=5(T3x(—1,1),R?) with compact support in time and a continuous scalar
field p € C*/5=25(T3 x (—1,1)) with the following properties:

(i) The pair (v,p) solves the incompressible Euler equations () in the
sense of distributions.
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(ii) There exists a set Q C (—1,1) of Hausdorff dimension strictly less
than 1 such that if t ¢ Q then v(-,t) is Holder CY/3~¢ continuous
and p is Holder C%/372% continuoud.

Relation to intermittency. The theory of intermittency is born of an
effort to explain the experimental and numerical evidence (e.g. [I]) of mea-
surable discrepancies from the scaling laws () (cf. [13]). In this direction,
Mandelbrot conjectured [I7] that at the inviscid limit, turbulence concen-
trates (in space) on a fractal set of Hausdorff dimension strictly less than
3.

It is interesting to note that the solutions constructed in order to prove
the above theorem have a fractal structure in time: namely, the set of times
for which v is not Holder C'/3~¢ continuous is contained in a Cantor-like set
with Hausdorff dimension strictly less than 1. Since the phenomena observed
does not relate to the structure functions from which intermittency was
originally postulated — being temporal in nature rather than spatial — it is
clearly far-fetched to label such a phenomena as intermittency. Nevertheless,
it is the opinion of the author that the parallels to the notion of intermittency
remain of interest.

0.1. Euler-Reynolds system and the convex integration scheme. In
order to prove Theorem we construct an iteration scheme in the style
of [2], which is itself based on the schemes presented in [9, [7]. At each step

g € N we construct a triple (vg, pg, Rq) solving the Euler-Reynolds system
(see Definition 2.1 in [9]):

Byvg + div (v, ® vy) + Vpy = div R,
(4)

diveg =0.

The initial triple (vo, po, ]-020) will be non-trivial with compact support in
time; all triples thereafter will be defined inductively as perturbations of the
proceeding triples. The perturbation

Wq = Vg — Vg—1,

will be composed of weakly interacting perturbed Beltrami flows (see Sec-
tion [I]) oscillating at frequency A,, defined in such a way to correct for the

previous Reynolds error R,_;.

IMore precisely, the Hausdorff dimension d is such that 1 — d > Ce? for some positive
constant C'.
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In order to ensure convergence of the sequence v, to a continuous weak
C"5~¢ solution of Euler, we will require the following estimates to be satisfied

1 1 oy
[[wallo + A—H@tquo - llwglls < A e (5)
q q

1
Hpq - pq—lHO + — ||8t(pq _pq—l)Ho — ||pq Do 1”2 < )\ 2/5+42e0 (6)
Ag )\
1 —2/54+2
2], 5 7, <2 @

for some gy > 0 strictly smaller than €. Here and throughout the article,
|{lg for 8= m +x, B € Nand £ € [0,1) will denote the usual spatial
Holder C™" norm. As a minor point of deviation from [2], we keep track
of second order spatial derivative estimates of p; — pg—1, whereas in [2] first
order estimates — which in the present work are implicit by interpolation —
were sufficient. These second order estimates will be used in order to obtain
slightly improved bounds on the Reynolds stress (see Section [).

It is perhaps worth noting that aside from the second order estimate on
Pq—Pg—1, up to a constant multiple, the above estimates are consistent with
the estimates given in [ZJF.

In order to ensure that our sequence convergences to a non-trivial solution,
we will impose the addition requirement that

> 1
> llwglly < 3 lwollo » (8)
q=1

for times t € [—1/8,1/8].

The principle new idea of this work is that in addition to the estimates
given above, we will keep track of sharper, time localized estimates. As a
consequence of these sharper estimates, it can be shown that for any given
time t € (—1,1) outside a prescribed set € of Hausdorff dimension strictly
less than 1, there exists a N = N (t) such that

1 _
llwallo + 5~ ||atwq||0 + 3 lhwglle < Ag o (9)
q

1
1Pg = Pa-1llg + 3= 110:(Pg — Po- 1)||0 )\2 I — pg-1lly <A77 (10)
q
i 5, =8
for every ¢ > N.

°In [2] the estimates corresponding to (B)-(7) are written in terms of a sequence of
parameters d, which in the context of the present paper are defined to be 4 := A;Q/HQEO
(cf. Section [l and Section [@]).

3Here and throughout the paper we suppress the dependence on the time variable .
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0.2. The main iteration proposition and the proof of Theorem

Proposition 0.2. For every small g > 0, there exists an o > 1, d < 1
and a sequence of parameters \g, A1, ... satisfying 1/2)\8‘q <A < 2)\8ﬂ such
that the following holds. A sequence of triples (vq, pq, ]f?q) can be constructed
with temporal support confined to [—1/2,1/2] solving [@) and satisfying the
estimates (BH8). Moreover, for any § > 0, there exists an integer M such
that if =M denotes the set of times t such that there exists a ¢ > M satisfying
either

1 _
[[wgllo + )\—quHl >\ R or
q
12
1 —2/342¢9 ( )
lpg — Pg—1lly + . Ipg — Pg—1ll; > Ay )
q

then there exists a cover of M consisting of a sequence of balls of radius r;
such that
rd < 4. (13)

Proof of Theorem [0l Fix ¢9 = ¢/2 and let (v, pq, }qu) be a sequence as in
Proposition It follows then easily that (vg,p,) converge uniformly to a
pair of continuous functions (v, p) satisfying (IJ), having compact temporal
support. Moreover, by interpolating the inequalities (Bl) and (@) we obtain
that v, converges in C'/°~ and p, in C*/°7%.

In order to prove (i) we first fix § > 0 and let M and E be as in
Proposition Hence by assumption if t ¢ =M

1 _
o + 5 gl < 35+
14
1 —2/342¢9 ( )
”pq - pq—l”o + y Hpq - pq—1H1 < )\q ,
q

for all ¢ > M. Thus interpolating the inequalities above we obtain that
v — vy is bounded in C'*7¢ and p — pys in C*/3~2%. By E) and (@), the
pair (v, pas) are C* bounded and thus it follows that v and p are bounded
in C'*=¢ and C*~% respectively. Letting & tend to zero we obtain our
claim. O

0.3. Plan of the paper. After recalling in Section [0 some preliminary
notation from the paper [9], in Section 2l we give the precise definition of the
sequence of triples (vg, pqg, Rq). In Section Bl we list a number of inequalities
that we will require on the various parameters of our scheme. The Sections
[ and [0 will focus on estimating, respectively, wqy1 = vg41 — vg, and }OBqH.
These estimates are then collected in Section [0 where Proposition will
be finally proved. Throughout the entire article we will rely heavily on the
arguments of [2] —in some sense the scheme presented here is a simple variant
of that given in [2] — as such the present paper is intentionally structured in
a similar manner to [2] in order to aide comparison.
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1. PRELIMINARIES

Throughout this paper we denote the 3 x 3 identity matrix by Id. In this
section we state a number of results found in [9] which are fundamental to
the present scheme as well its predecessors [9] [7, 2].

1.1. Geometric preliminaries. The following two results will form the
cornerstone in which to construct the highly oscillating flows required by
our scheme.

Proposition 1.1 (Beltrami flows). Let A > 1 and let Ay € R? be such that
Ap -k =0, [A] :%, A_p = Ay
for k € Z® with |k| = \. Furthermore, let

Bk:Ak+i£XAk€C3.

||
For any choice of a;, € C with a; = a_y, the vector field
W(E) =) apBpe** (15)
k|=A

is real-valued, divergence-free and satisfies
2
div(WeW) = V%

Furthermore
Wew)y=4 wewd==+3 | \2<Id k®k> (17)
T3 2 £~ k[ ||
k|=X
Lemma 1.2 (Geometric Lemma). For every N € N we can choose 79 > 0
and A > 1 with the following property. There exist pairwise disjoint subsets
A c{keZ: |kl=X} je{l,...,N}
and smooth positive functions
W) e 0 (B, (1d))  je{l,....N}, ke Ay, [
such that
(a) k€ Aj implies —k € Aj and ’y]g]) = ’y(_jlz;

4Here By, (Id) denotes the ball around Id of radius ro under the usual matrix operator
norm |A| := max|,|=1 |Av|.
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(b) For each R € B,,(1d) we have the identity

1 D (g F ok
R_%;j (7k (R)) (Id |k|®|k|> VR € B, (1d). (18)

1.2. The operator R. The following operator will be used in order to deal
the the Reynolds Stresses arising from our iteration scheme.

Definition 1.3. Let v € C®(T3 R3) be a smooth vector field. We then
define Rv to be the matriz-valued periodic function

R = i (VPu+ (VPu)") + Z (Vu+ (Vu)") - %(div u)ld,

where u € C*°(T3,R?3) is the solution of

Au:v—][ v in T3
’]TS

with ng u =0 and P is the Leray projection onto divergence-free fields with
zero average.
Lemma 1.4 (R = div™!). For any v € C®(T? R3) we have

(a) Ru(x) is a symmetric trace-free matriz for each x € T3;
(b) divRv =v — frsv.

2. THE CONSTRUCTION OF THE TRIPLES (vq,pq, Rq)

2.1. The initial triple (v, po, }020). Let xo be a smooth non-negative func-
tion, compactly supported on the interval [—1/4,1/4], bounded above by 1
and identically equal to 1 on [—1/8,1/8]. We now set our initial velocity to
be the divergence-free vector field

1
vo(t, x) := %)\0 5+EOX0(t)(COS(/\0:E3),Sin(/\0333),0),

where here we use the notation x = (x1,x9,x3). The initial pressure pg is
then defined to be identically zero. Finally if we set

) 1 o, 0 0 sin(Aox3)
Ry = 5/\0 VD) 0 0 —cos(Aozx3) |,
sin(Aoxg) — cos(Noz3) 0

we obtain
Opvo + div (vg ® vg) + Vpy = div Ry.

Hence the triple (vg, po, Ro) is a solution to the Euler-Reynolds system ().
Furthermore, it follows immediately that

° 1 ° _ €
0]l + 5 1ol = 0257
0 )\0 1

Thus if \g is sufficiently large we obtain (BHT)) for ¢ = 0.
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Remark. The choice of initial triple (Uo,po,éo) is not of any great impor-
tance: any choice satisfying the conditions set out in Section [l and is such

that |vo| ~ )\0_1/5+E° for times t € [—1/8,1/8] should suffice.

o

2.2. The inductive step. The procedure of constructing (vg41,Pg+1, Rg+1)
in terms of (vy, pq,f%q) follows in the same spirit as that of the scheme
outlined in [2] with a few minor modifications in order to satisfy the specific
requirements of Proposition [0.2

We will assume that A\ is chosen large enough such that

s oy Nyt T v
3 2/3 —1/54¢€0 —1/54¢€0 0
SN DN <1 and ) A < (1Y)
i<a §=0 j=1
Notice as a direct consequence (§]) follows from (Bl) and the definition of wy.
We fix a symmetric non-negative convolution kernel ¢ with support con-
fined to [—1,1].
With a slight abuse of notation, we will use (v, p, R) for (vq,py, Ry) and
(v1,p1, R1) for (vg11,pg41, Rgv1).
As was done in [2], we discretize time into intervals of size p~'. The
parameter p will be chosen explicitly as

B= flg41 = )\[11/2(1"'0‘)(_1/54‘504‘1).

We will see in Section [0] that our choice of p is consistent with the choice
made in [2].

The choice of cut-off functions y = x4t used in this article will differ
slightly to that described in [2]. Specifically, we define x to be a smooth
function such that for a small parameter £; > 0 (to be chosen later) x
satisfies the following conditions:

A d At
: : : 1 +1 1 +1
e The support of y is contained in (—5 - =5+ ‘IT>

Al Al
_1 g+l 1 _ Zgtl —
e In the range 5+ =43 I we have y = 1.

e The sequence {x?(z — [)};ez forms a partition of unity of R, i.e.
Z 2z —1)=1.
lEZ

e For N > 0 we have the estimates

0N x| < eAlEL,

where the constant C' depends only on N — in particular it is inde-
pendent of q.

Having defined y, we adopt the notation x;(¢) := x(ut —[). The fun-
damental difference to choice of x in [2] is the extra factor )\;ﬂ appearing
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in the definition. A consequence of this modification is that the Lebesgue

measure of the set
[oe) o0
M U Usupport(x, )
q=1lq'=q |1

is zero. We will see this will provide us with a key ingredient in order to

prove a.e. in time C''/A~¢ convergence of the sequence Vg-
For each [ define the amplitude function

e ),

The function p; will play a similar role to the p; found in [2]: the compar-
atively simpler definition above reflects the fact that we are only interested
in correcting for the Reynolds error and are not attempting to construct a
solution to Euler with a prescribed energy as was done in [2].

Keeping in mind the new choices of p; and x;, the construction of (vgy1, Pg+1, }ofqﬂ)
proceeds in exactly the same manner as that described in [2], with the minor
exception that the mollification parameter ¢ will be chosen explicitly to be

@ - qiii_EQu
where €2 > 0 is a small parameter to be chosen later.
For completeness we recall the remaining steps required to construct the

o

triple (Ul]+1apq+17 Rq-i—l)-
Having set

Ry(z) := pld — R(z, 1)

and vy = v * 1)y, we define Ry; to be the unique solution to the following
transport equation

O Ry +ve- VR =0

Rz,l(ﬁa ) =Ry xy.

For every integer [ € [—pu, u], we let ®; : R3 x (—1,1) — R3 be the solution
of

0P +vp- VO, =0

Oz, lu~t) = .

Applying Lemma with N = 2, we denote by A and A° the corre-
sponding families of frequencies in Z3 and set A := A° + A®. For each k € A
and each [ € ZN [0, u] we then define

) o (P50,

wkl(‘ra t) = akl(l’, t) Bkei)‘q+1k'¢z(m,t).
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The perturbation w is then defined as the sum of a “principal part” and a
“corrector”. The “principal part” being the map

Wo(x,t) := Z X1 (t)wi (x, t) + Z X1 (H)wi(x,t) .
1 odd,keA° | even,keA€

The “corrector” w, is then defined in such a way that the sum w = w, + w,
is divergence free:

k?XBk

) Agt1k-®
We = Xl( Va — akl(DtI)l — Id)k) X a1
=2l e
The new pressure is defined as
2
w 1 2 2
pr=p— 20 L~ 2w~ 2o ).

and finally we set RI=R'+R'+ R4+ R*+ R+ R>, where
R® = R (0w +vg - Vw +w - Vy) (20)
R = Rdiv <wo ® wo — Z XiRe) — #Id) (21)
l

22
23
24

25

R2:wo®wc+wc®wo+wc®wc—w1d
R4:é—é*”[[)é

(

(

(

R5:ZX?(§“+§*W). (
I

)
)
)
)

2.3. Compact support in time. By construction it follows that if the
triple (v, p, R) is supported in the time interval [T, 7"] then (v, p1, R1) is
supported in the time interval [T'—p =%, 7'+ u~!]. Therefore since (vo, po, Ro)
is supported in the time interval [—1/4,1/4] it follows by induction that the

o

triple (vq,pq, Rq) is supported in the time interval

qg—1 qg—1
[—1fa— 30 AR et [y SRt [ 1)
j=0 j=0

assuming Ag is chosen to be appropriately large depending on the choice of
a and gg.

3. ORDERING OF PARAMETERS

In order to better aid comparison to arguments of [2], we introduce a
sequence of strictly decreasing parameters 6, < 1. In Section 6 we will
provide an explicit definition of ¢4, but for now we restrict ourselves to



ONSAGER’S CONJECTURE ALMOST EVERYWHERE IN TIME 11

specifying a number of inequalities that ¢, will need to satisfy. Analogously
to [2] we will assume the following estimates

lvglly < 65/° A (26)

Ipqlly < 8 A? (27)

Aol 52 ], = 3,000 &
Hat +u VRqHO < 5401020, (29)

where Cy > 1 is a large number to be specified in the next section.
Furthermore we will assume in addition that the following parameter
inequalities are satisfied

1/2
Zéj)\j < 5q)‘q7 5(1 )\qg <1,

5T
/ j<q Q+1 1/ (30)
5N, 1 s 160
— + <A and —— < 4,
Hw tAg+1 ot Ag+1 K

The sequence ¢, will be applied in the context of proving /5 — ¢ con-
vergence of the velocities vy; however note that unlike the case in [2], the
sequence does not appear explicitly in the definition of the triples (vq, pq, ]%q).

In order to prove a.e. time 1/3 — ¢ convergence, we will require localized
estimates (in time). To this aim we fix a time ty € (—1,1) and set I, to be
the unique integer such that pqty € [—1/24 14, 1/2+1;). We now introduce
a new sequence of strictly decreasing parameters d,;, < d, such that for a
given time t satisfying |pq11t — lg4+1| < 1 we have the following estimates

lvglly < 6t (31)
||qu2 < 5[1 to)‘q (32)
Jful, + 5, W], = e )
|+ VRqH0 < 5q+1,t05;/§OA (34)
Analogously to (0] we assume the following inequalities are satisfied
85 Al 5/ A 1
25]' toNj < Og.to Ags w9 <1, and -2 <A, Bl (35)
: , ’ 12 [ i a+
i<a q+1,t0 1

The last inequality being a trivial consequence of ([B0) and the inequality
Ogto < 04. Observe that we do not assume a condition akin to the last
inequality of ([B0)). This remark is worth keeping in mind as we will apply
the arguments of [2] extensively, where such a condition was present. Luckily,
this condition is only really required at one specific point in the paper: the
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estimation of

Hatle + vg VR1H0 .

This condition was also used in a few isolated cases in [2] in order to simplify
a number of terms arising from estimates, however this was primarily done
for aesthetic reasons.

4. ESTIMATES ON THE PERTURBATION

In order to bound the perturbation, we apply nearly identical arguments
used in Section 3 of [2].
We recall the following notation from [2]

)

¢kl($,t) = ei)\q+1k-[61>l(x,t)—x}

7

Ly := ap By + ( Vay — akl(D(I)l — Id)k) X ——

Agt1
The perturbation w can then be written as
w ="YXt Ly gt €25 =3 " xg Ly ePat1 b
kl kl
For reference we note that as a consequence of (Bl), (@), (I9) and ([B2]) we
have
[ogllp <1 (36)
[Pglly < Cdg g (37)
where the last inequality follows by interpolation.

We also recall that as a consequence of simple convolution inequalities
together with the inequalities ([BI) we have for a fixed to, N > 1 and times
t satisfying |pg+1t — lg+1] < 1

12 —N+1
lvelly < 85, Mgt~ * (38)
With this notation we now present a minor variant of Lemma 3.1 from

[2.

Lemma 4.1. Fiz a time tg € (—1,1) and let l;11 be as before, i.e. the
unique integer such that ty € [—1/2 4 lg41,1/2 + lg11) Assuming the series
of inequalities listed in Section [3 hold then we have the following estimates.
Fort such that |ut — 1] < 1 where I € {lg41 — 1,1lg41,lg41 + 1} we have

[1D®ly < C (39)
52 A
|ID®; —1d|, < 0% (40)
52 N
|D®||, < C-Llo 1 N>1 (41)
N

peN
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Moreover,
1
lawallo + I Zsllo < C8. 4, (42)
lawlly < 8,51 1Al N>1  (43)
ILially < €851, N>1 o (44)
N
5.2 \ 5.2 A
Pl v < CAqHMqéj@_(f +C qtoﬁqﬁl
N(1-8
<o N>1.  (45)
Consequently, for any N >0
1/2
1 A DY
Jwellx < Oéq{il,to (qu-l + %) )‘é\zrl (46)
1/2
1/ 04 A
<ol qu AN (47)
1
lwolly < 8211\ (48)
< O AN (49)

The constants appearing in the above estimates depend only on N and Cy. In
particular for a fized N, the constants appearing in ([42)-@4l) and (@6])-(@9)
can be made arbitrarily small by taking Cy to be sufficiently large. Further-
more, the weaker estimates A1) and ([E9) hold uniformly in time.

The proof of the above lemma follows from essentially exactly the same
arguments to those given in the proof of Lemma 3.1 from [2] — making use
of our new sequence of parameters d,,. The only minor point of departure

from [2] is the appearance of the term /\;\il in (46]). From the definition of
w,. we have

1
ey <O v (5 ol + foulol D1 = Ty + aul [D® - 1o )
kl q+

+ Cllwello > xi AN DR + X[ Dyl v-1) -
l

Hence applying ([B9)-([3) and applying the inequalities from Section [B] we
obtain ({0l).

We now present a variant of Lemma 3.2 from [2]. We recall from [2] the
notation for the material derivative: Dy := 9y + vy - V.
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Lemma 4.2. Under the assumptions of Lemma [{.1] we have

IDevelln < CogigAg(L+ Al ™) + Cgyr oAl ™™, (50)
< OOtV (51)
ID:Lidlly < COEs 10,00 hat ™ (52)
1D Liallv < €851 4o hal ™ Batoda + Fanol ). (53)
< OO Batorgt N (54)
Consequently for t in the range [tp —lg41] < 1/2(1 — A 7]) we have
|Drwelly < €8 4o83eAaNn (55)
[ Dywo[y = 0. (56)
Moreover we have the following estimates which are valid uniformly in time
|Dewelly < O848/ MM (57)
| Diwolly < CO/2 AT (58)

Again, we note that the constants C' depend only on our choice of Cy: in
particular, the constants appearing in (B2)-ES) can be made arbitrarily small
by taking Cy sufficiently large.

Proof. First note that (52), (B7) and (B8] follow by exactly the same ar-
guments as those given in Lemma 3.2 of [2]. However in contrast to [2],
time derivatives falling on y; for some [ pick up an additional factor of /\zﬁrl,
which explains this additional factor appearing in (57)) and (GS).

In order to prove (GI)), we note that by the arguments of [2] we obtain
that

| Develln < [V ullw + ||div R+ || v + CAZE N6, 4,

Then from the estimates on p, R together with standard convolution esti-
mates we obtain (B0]).

We now consider the estimate (53)).
i i

(DtD’Ug)TVakl + D’UZDUZVCL]@H-

D7 Ly =<—

Agt1 Ag+1

— 4y D®, Doy Dok + ale(InDtDvgk) x & X Ok

Note that D;Dvy = DDyvy — DvyDuy, so that
D¢ Dvg||n < || Dyvel|n+1 + CllDvel| v | Dvello
< C(‘Sq,to)‘gf_N + 5q+1,to)‘q£_N_1) (1 + )‘qf)
< Obqughel™™ 4 Cogr1pgAgt N1
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Hence utilizing the estimates in Lemma [£.1] we obtain

1/2
12 Og+1,t A g to g
1D Lally < €800t <5th)‘ * qé 0> <1+Tj1 +‘q/j

(14 (A0
< C‘S;fl,to)‘qg_N(‘sq,to)‘q + 5Q+1,t0€_1)’
Thus we obtain (53]). The estimate (55 follows also as a trivial consequence.

O

We note in passing that keeping track of the second derivative of the
pressure is critical in obtaining the sharper estimates (B0) and (G3)).

5. ESTIMATES ON THE REYNOLDS STRESS

In this section we describe the estimates on Reynolds stress which follow
by applying the arguments of Section 5 of [2] to the present scheme.

Let € > 0 be such that ey < ¢/2. Then by applying nearly identical
arguments to that of Proposition 5.1 of [2] we obtain the following two
estimates:

. 1 . 1 °
| Rillo + X [ R1ll1 + =D Rallo <
1 M

q+

0, fhu 5q+15;/2>\q)‘6+1
¢ < it : g+1%

+ 6.2 520 e) (59)
>‘q+1 H

|0:Ry + vy - VRylo <

52 S0 162N N
Cfséfl)\q-i-l (;HM + @170 2%t

The careful reader will note that unlike [2], no term of the type

1/2
61* 10 Z (61)
g+1H
appears within the brackets of the right hand side of (B9) and (G0). This
is related to the fact that in [2] the authors did not keep track of second
derivatives of the pressure. We come back to this point at the end of this
section.

A second point of difference to [2] is that in the present scheme derivatives
falling on x; pick up an extra factor of )\q ' . However as we assumed 1 < €/2,
we may simply apply the arguments of Proposition 5.1 of [2] with e replaced
with €/2 in order to absorb this extra error.

Localizing in time by fixing a time ¢y, we now consider the case that ¢
lies in the range [ty — lg41] < 1/2— AT} where as before l;41 is the unique
integer such that uty € [=1/2+ 441,12+ lg+1). The following estimates will

+ 0,018 e) (60)

q+1 H
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be in terms our new sequence of parameters g, .

TRISTAN BUCKMASTER

Again, the arguments

will be a minor variation to those found in Proposition 5.1 of [2], the key

differences being;:

(A) Since for all [ we have x; is identically zero in this range, no positive
powers of u will appear as a consequence of differentiating in time.
(B) As previously mentioned in Section [3] in contrast to the case in [2]
we do not have an estimate of the type

at our disposal.

1/2
1 < q+1,to
)\q—i-l B ©

(62)

(C) In many of the material derivative estimates in [2] the estimate

54"

qJ A¢ < p was used in order to simplify terms: we will avoid em-

ploying such an estimate, although in its place we will often use the

estimate o0 12

Proposition 5.1. Fiz t in the range |ty — 11| < 1/2(1 —

1/2
q,to)‘ < 5q+1 to )‘q+1,to-

i)

For any

choice of small positive numbers €, (3 there is a constant C' such that, if 6,4,
dg+1, 1, Ag+1 and € satisfy the conditions in Section[3, then we have

1R

||1+

1
HR1”0 + )\—HHRl”l +
q

IR lo + 1Rl +

Agt1

IR o + —[1R*|l1 +

Agt1

iy

||1+

1|0

||1+

Q+1 to

1

1/2

q+1,to

1
1/2

q+1,to

1
N

q+1,to

1
N

q+1to

Q+1 to

1/2 1/2
C q+1,to qto q

D;R°
| DeR"|lo < N

q+1 Q+1

5‘1-1-1 to 5q/to A /\q

(63)

|IDiRYo < C
q+1 H

51/2 1/2

q+1,t07q,to "4

)\Q—I-l

Bu1,t000 1y Aa NS

+1+

(64)

+1+

|IDyR*|g < C
q+1
51/2 51/2

qto

Ag

C q+1,to

>‘q+1

1 1
|D:R?||o < qu{il,toéq{fo

W
g+1

1 1
DRl < €62, 002

W
g+1

|D.R||p < C
g+l

1
5q+1,to 5(1{?@ )‘q +

(65)
(66)

(67)
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51/2 1/2
¢l T8 (6g)
Agtl
Thus
o 1 o 1 ©.
1B1llo + sl B1lls + ———[DeRollo <
o+l 4+1,t07a
5 SN B 0 AN
C( ELGTT 4 S 5 il | o (69)
q+1

Hatél + v - Vé1\|o <

1/2
C’511—1-1,150

- 1,t0%t
)\16 m q+1,t07¢q,to

2 s 1 ) g
)\q+1 <5q+1,t05q,t0)‘f1 + 5q+17t05q,t0)‘q)‘q+1 + 51/2 51/2 )\q€> ‘ (70)
g+1

Proof. Keeping in mind the observations (A), (B) and (C) above, the proof
of (65)-(G])) follows by applying nearly identical arguments to that found in
Proposition 5.1 of [2]. The estimate (69]) easily follows as a consequence of
([63)-([@8]), and [T follows from (69]) together with the observation

18: Ry + v1 - VR1|lo < |DiBallo + (lv — vello + [Jw]lo) | B |1 -

Therefore we will restrict ourselves to proving the estimates (G3]) and (©4).
For reasons of brevity, in what follows we adopt the abuse of notation [y =

lgr1.

Estimates on R’. Recall that in [2] that a key ingredient to bounding R°
involved bounding the terms 2;; such that

w4+ vy - Vw +w - Vg = Z lequHkm ,
kl
that is

Q= (XLt + xiDeLig + X1 Ly - Vvg) e 1.
and the terms €, such that

Dy (Qpw +vp - Vw +w - V) = Z Qﬁdei’\q“k'm, (71)
k

that is
h = <8t2XlLkl + 201Dy Ly + xiDi Lig+

+ OyxiLwt - Ve + xiD¢ Ly - Vv + x1 Ly - VDyvg — XLy - Vug - V’Ue) ek,
(72)
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Precisely, it was shown in [2] that

[Rollo <) (AZI%IIQmHo + Al v+ A;ﬁ\lﬂmlme) , (73)
kl
[Rolli <Ag41 Y (AZHHQMHO + AN Il + A;ﬁHkallNJra) +
kl

> (AZIF}HQMIh + AT Nl v + A;ﬁHleHNHﬁ) (74)
k

and

Q Qo o
Dol <c Y [ ele o Kl [

1— N— N
kl )‘q+§ )‘q+1€ )‘q+1
Lo 1l v+ 1+ellvellare + 1l 1ellvell ve
)\N
g+1
Q Q Q
+C” leN+1||WH]2V+ | kl||3HW||N+CH kl\|21_llvz||1
NV e NS
q+1 q+1
Lo 1l v rellvellase + 1Qull2ellvell vye
)\N—l
q+1
Q Q Q
+C” MHNHWH?\[:H szzHWHNJrCH lelo_HWHl (75)
A € ATE
q+1 q+1

Observe that since we assumed [tp — 1| < 1/2(1 — A T}) we have that
Qpt, ;= 0 for all I # 1;. Moreover

Qi = (D¢ Ly, + Ly, - Vog) e %1
and

lel = <Dt2Lkll + Dthll -Vup + Lkll -V Dy — Lkll -V - V’Ug) eik'q}ll.
Applying Lemmas 1] Lemma [£2] (B8] and (B5) we obtain

1 1 _ 1 1 N(1—

19 Il < CO%1 10 At < O3/ 48 Aa A (76)
Similarly we obtain
1 _ —
9%, Il < C8%1 e Al Bgaoha + G140t ")

< CoginedyfmAagrn ™

q
< Coindyfmrargin 7. (77)

Hence choosing N large enough such that NS > 3, then combining (73])-
([TT) we obtain (G3]).

Estimates on R'. Recall that a key ingredient to the estimation of R
involves estimating

frikr == XaXv axiawy Gridr



ONSAGER’S CONJECTURE ALMOST EVERYWHERE IN TIME 19

and
Mg (k+k') 2\ —idgs1(k+k'): "
Dy (vfklk’l’ e )x) e Pt ) = .

Precisely it was shown in [2] that

IRo < >0 (Aszifuawwrl + A el + ArK vawrlve e )
(1), (k1)
k+k/#0

IRl <Agur > ()\Zﬁ”fklk'lfﬂl A A W e v + A [fklk'l']N+1+a)
(k,0), (K1)
k+k'#£0

+ Z ()\Z-i_-%kalk/l/HQ + )\;_f_\;'f‘l-i-aufklk/l/HN_i_Q —+ )\(;—ij-\i[fklk’l’]]\f-i-Z-i-E)
(k1) (K',17)
k++k'#0

and

ID:R o < Z <)\ZIHQ%11€'1/]O + A e N+ A [Q%lk’l’]N-i-&)
(kD) (K1)

k-+k/£0
n C”fklk'l'HN+2+aHWH2+a + | frawv lagellvell v e
N
Agr1
N Ckalk/l'HNJrzHWH?VJF | frar |al|vell v n Ckalk’l’zH_2”W”1
AV e )
q+1 q+1
C”fklk'l'HN+1+5”WH2+E + | frawrv |34l vell v e
+ AN_I
g+l
+ Okalk’l’HN—l—lHWl? 41- | fran I3 1| vell v . Ckalk’l;H_IHUZHl‘
AN 1-e Agr1
q+1 q+1

Again as a consequence of our assumption [tu —Ii| < 1/2(1 — A\ 7j) we
have that if either [ # Iy or I # Iy then fr = 0 and Q,,,,, = 0. Moreover
we have

" . T T
vt o= — (ar, Dvg Vagn, + ap, Dy Vag, ) dr, dwi,
T T/
— akllak/ll (D(I)IDUZ k + D(I)llD’Ug k ) ¢1€11 ¢k’l1'

Estimating fy,, and € ;. we have from Lemma BTl and Lemma A2l
for N >1

547 A
| frern |y < Coqa ™ <>\q + q#qﬂ) ; (78)
and
|y g < C5q+15;,/t20>\q (Ag+1) < C5q+15;,/t20>\3 (79)
190,00, 1y < Cogad/i eSS, (80)

for N > 1.
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Combining the above estimates and again selecting N such that NS > 3
we obtain (64]). O

We conclude this section by providing an explanation for the absence of
terms of the type (GI) appearing within the brackets on the right hand side
of the inequalities (B9) and (60). By carefully examining the arguments of
[2] one sees that the only point in which such a term arises is the estimation
of DyRy. More precisely the term arises from estimating

R Z (xtD7 Ly + xi Ly - VDyvy) ei’\ﬁlk'q’l] = ZR [szei’\“lk'q’l}
il il

which appears in the decomposition of D;Ry used in Proposition 5.1 of [2]

(cf. () and (72)). Applying Lemma (4I]), Lemma (2 together with the
inequalities g4, < 0 and dg41,4y < dg41 We obtain

ITally < C0LEAL™N (BAq + 0441071, (81)

whereas instead applying the weaker estimates of [2] one obtains the worse
estimate

ITwlly < COE AN 1a,.

The improvement is directly related to the fact that in contrast to [2] we
keep track of spatial second derivative estimates of the pressure. Applying
Proposition E.1 (ii) from [2] together with (1) and (B0 we obtain

' r r r
SR [ruetekn] | <03 [II lo , [Tully |, | kl||N+€]
kl 0 ki

1—¢ N—e N
)‘q—l—l )‘q—i-l )\q-l-l

5.2 Mg (64 g + Ggal™Y)

<o L
Agii
52 8,10 P AN
SCN(;\];——lE 4 q qluq q+1 7
q+1

where we assume NN is chosen such that Ng > 1.

6. CHOICE OF THE PARAMETERS AND CONCLUSION OF THE PROOF

We begin by noting that we have not imposed any upper bounds on the
choice of A\ and thus we are free to choose Ay to be as large as need be: in
what follows we will use this fact multiple times without further comment.

1/5 — ¢ convergence. We now make the following parameter choices

a =1+ ¢, Ag = L)\Sﬂj,
2 2
€0 €0
,E9 1= —, €1 := —,
G2 LT

L —2/5+2f-_‘0
5y = A: ,
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here |a] denotes the largest integer smaller than a.

It is worth noting that with the above choices, our definition of y agrees
with the definition given in [2], i.e.

1 1
K= 5;/4%{;11)‘1/2)‘(1/42—1

Having made the above choices it is clear the inequalities (B0 are satisfied.
Moreover assuming (26)-(29)), it follows as a consequence of Lemma [£.1] that
[26) and (27) are satisfied with ¢ replaced by ¢+ 1. In order to show (28]
with ¢ replaced with ¢ + 1 we note that with our choices of parameters we
obtain from (B9]) that

o

i+ 5 ], <

<

8

_2/5+

=C\g
< Ol

Thus we obtain both ([28]), and by similar arguments in combination with

[©9), also ([29) with ¢ replaced by g + 1. Since the inequalities (26l)- (29I
hold for ¢ = 0, we obtain by induction that the inequalities hold for ¢ € N.

The inequalities ([B)-(&) then follow as a consequence of Lemma 1], Lemma
and Proposition (G]). In particular, the estimates on p; — pg—1 follow
directly from the estimates on w, w, and w,.; furthermore, one may derive
time derivative estimates on w, w, and w, from the simple decomposition
8t = Dt — Uy - V.

1/3 — ¢ convergence. Let us define U9 to be the set
U(q): U [:uq ( +1/2 ) luq (l+1/2+)‘¢;€1)]7
€[~ pg;q]

i.e. a union of ~ 2y, balls of radius )\q_al,u;l and define
V(@ — U ),
q'=q

In particular note that V(@ can be covered by a sequence of balls of radius

r; such that

> rf <3ZA Erpl (82)

q'=q
Thus assuming
(I4+a)(—%+e+1)

(I4+a)(—3 +e0+1)+2ae;’
it follows that the right hand side of (82 converges to zero as ¢ tends to
infinity.

d> (83)
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From this point on we assume d < 1 is fixed, satisfying (83]) — which we
note is possible due to the fact the right hand side of (83)) is strictly less
than 1.

For any time tg € [y VIN) we simply set 0g,to = 0q for all q.

Now suppose ty ¢ V) for some integer N, furthermore assume N to be
the smallest such integer. We now make the following parameter choices

—2/54-2¢ .
)‘q—i-l ’ , ifg<N

1) = _c0
a+1,to —2/3+2¢ .
max  Ag ° 0gy,, Ag+1 , ifg>N

It can then be checked that the inequalities (B3] are satisfied. Applying
Lemma [£J] Corollary and Proposition (] iteratively we see that (BIF
B4) hold for all ¢ > N. In particular, in order to show (B3] for ¢ replaced
by g + 1 we note that by Proposition [5.]]l we have for all times ¢ satisfying
thgt1 — lgra] <121 — AL)

1/2 1/2 1/2 .
: L g A Sg1,t004 15 AgA
[ R1lo + |Bally < Ot i o a+1t0%,t0 N Ng 1 (84)
Agt1 )‘q+1 K
1 b

Notice that if (g2t — lg42| < 1 then

l
[thg+1 — lg1] < Fatl g2t — lgr2| + ‘M — g1
q+2 Hq+2
2
< Tatl |tg+1to — lg41]
Hq+2
< 2N 1/ — A E
<12(1=ATH)
Thus (&4) holds for times ¢ in the range |pg42t — lg12| < 1.
Taking logarithms of I and I we obtain
£0 et &
Inl < <1+3>ln6q7t0+<§+§—50> In\, +C (85)
and
3 1 7 R
InIT < <§ n 60> In 0.1, + (5 - % - % + 0(sg)> InA,+C.  (36)

Note by definition we have

2
In 5q+2,t 2 (1 + 60)2 In 5q,t0 — <2‘% + O(€g)> In )\q. (87)
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Thus since 04,4, > Ag i 7220 combining (BE) and (BT7) we obtain

I 3 3¢
In < (-2 — 2 g+ (22— g+ O®ED) ) In A+ C
5q+2,t 2 ' 8

2
< <—E7f + 0(sg)> In\, + C. (88)

Similarly, since d,¢, < Ay 4220 ombining (B8) and (B7)) we obtain
I7 1 1 Teg €2
In <5q+27t> < <§ — &g — sg> In 6y 4, + <g i go + 0(sg)> In)\, +C
< (=2 +0(ed)) In A, + C. (89)
Hence assuming ¢ is sufficiently small, from (88]) and (89) we obtain (33)

for ¢ replaced by ¢ + 1.
Observe also that there exists an N’ such that for all ¢ > N + N’ we have

_ —2/3—}—250
5q,t0 - )‘q ’

and hence the inequality (2] is never satisfied for ¢ > N + N’. Thus
NN VN,

In particular N’ can be chosen universally, independent of N. Fixing § > 0
and choosing N such that V™V can be covered by a sequence of balls of radius

r; satisfying
Z rd <6,

we obtain that if we set M = N + N’ then (I3)) is satisfied which concludes
the proof of Proposition

Remark. For the sake of completeness we note that analogously to the esti-

mates ([B)-(T), the estimates (Q)-(II) follow as a consequence of Lemma []-1],
Lemmal[f.3 and Proposition ([5.1) — here the set Q can be taken explicitly to

be -
Q= (V.

q=1
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