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1 Introdution

After the seminal work [6℄ of S. L.Woronowiz, biovariant di�erential aluli on quan-

tum groups (Hopf algebras) have been extensively studied in the literature. There is

a well developed general theory of suh aluli. Biovariant di�erential aluli on the

quantum group SL

q

(N); N � 3, have been reently lassi�ed in [3℄. All aluli ouring

in this lassi�ation have dimension N

2

, i. e. their dimension does not oinide with

the dimension N

2

� 1 of the orresponding lassial Lie group. On the other hand,

the �rst example of a non-ommutative di�erential alulus on a quantum group was

Woronowiz' 3D-alulus on SU

q

(2) [5℄. This is a three dimensional left-ovariant al-

ulus whih is not biovariant. The 3D-alulus is algebraially muh simpler and in

many respets nearer to the lassial di�erential alulus on SU

q

(2) than the four di-

mensional biovariant aluli on SU

q

(2). This motivates to look for N

2

�1 dimensional

left-ovariant di�erential aluli on SL

q

(N). The main aim of our approah is to follow

the lassial situation as lose as possible. Let us briefly explain the basi idea of the

approah given in this paper. As in [3℄, we assume that the di�erentials du

i

j

of the

matrix entries u

i

j

generate the left module of 1-forms. Hene the di�erential d an be

expressed as da =

P

(X

ij

� a)!(u

i

j

) for a 2 SL

q

(N), where !(u

i

j

) :=

P

n

�(u

i

n

)du

n

j

are

the left-invariant Maurer-Cartan forms and X

ij

are linear funtionals on SL

q

(N) suh

that X

ij

(1) = 0. In our approah the funtionals X

ij

will be hosen from the algebra of

regular funtionals U

R

as de�ned in [2℄, 2. 2. We assume that the vetor spae of left-

invariant 1-forms has dimension N

2

� 1 and that X

ij

(u

r

s

) = Æ

ir

Æ

js

for i j= j. The main

property of these aluli is that there are only quadrati-linear relations between the

left-invariant vetor �elds. The orresponding formulas show that these aluli are very

lose to the lassial di�erential aluli on SL(N) in many respets. Their enveloping

algebras of the Lie algebra have Poinar�e-Birkho�-Witt property. The dimensions of

the vetor spaes of left-invariant k-forms �

^k

inv

is equal to the orresponding dimension

�

N

2

�1

k

�

in the lassial ase. Moreover, the assoiated higher order aluli (� ; d) give

the ordinary alulus on SL(N) in the limit q ! 1.

This paper is organized as follows. Setion 2 ontains some general results about left-

ovariant di�erential aluli on quantum groups whih will be needed later. In Se-

tion 3 we develop four lasses of left-ovariant �rst order di�erential aluli (�

r

; d),

r = 1; : : : ; 4. We start with the hoie of left-invariant funtionals X

i

and ompute

all relations between them. In Setions 4 we briefly desribe the onstrution of the

universal higher order di�erential alulus assoiated with a given left-ovariant �rst

order alulus on a quantum group. We apply this onstrution to the aluli (�

r

; d),

r = 1; : : : ; 4.

Throughout this paper q is a nonzero omplex number suh that q

2

j= 1 and we abbre-

viate � := q � q

�1

.
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2 Left-ovariant Di�erential Caluli on Quantum

Groups

Our basi referene onerning di�erential aluli on quantum groups is [6℄. Let A be

a �xed Hopf algebra with omultipliation �, ounit ", antipode � and unit element 1.

Sometimes we use Sweedler's notation �

(n)

(a) = a

(1)


 a

(2)


 � � � 
 a

(n+1)

: A �rst or-

der di�erential alulus (briefly, a FODC) over A is a pair (� ,d) of an A-bimodule

� and a linear mapping d:A ! � suh that d(ab) = da�b + a�db for a; b 2 A and

� = linfadb : a; b 2 Ag: A FODC (� ; d) is alled left ovariant if there is a linear

mapping �

L

:� !A
� for whih �

L

(adb) = �(a)(id
 d)�(b); a; b 2 A.

Suppose that (� ; d) is a left-ovariant FODC over A. Reall that the anonial proje-

tion of � into �

inv

= f! 2 � : �

L

(!) = 1 
 !g is de�ned by P

inv

(da) = �(a

(1)

)da

(2)

,

f. [5℄. We abbreviate !(a) = P

inv

(da): Then R := fx 2 ker " : !(x) = 0g is the

right ideal of ker " assoiated with (�; d). Reall that A

Æ

denotes the Hopf alge-

bra of representative linear funtionals on A. If A is Hopf

�

-algebra then A

Æ

be-

omes a Hopf

�

-algebra via f

�

(a) = f(�(a)

�

), f 2 A

Æ

, a 2 A. The vetor spae

X := fX 2 A

Æ

: X(1) = 0 and X(a) = 0 for a 2 Rg is alled the quantum Lie algebra

of the FODC (� ; d):

Lemma 1. A vetor spae X of linear funtionals on A is the quantum Lie algebra of

a left-ovariant FODC (� ; d) if and only if X(1) = 0 and �X � 1
X 2 X
A

Æ

for all

X 2 X .

Proof. The neessity of the ondition �X�1
X 2 X
A

Æ

follows at one from formula

(5.20) in [6℄: �(X

i

) =

P

j

X

j


f

j

i

+ 1
X

i

. To prove the suÆieny part, let us note

that the above onditions imply that R := fa 2 ker " : X(a) = 0 for X 2 Xg is a right

ideal of ker ". From the general theory (f. Theorem 1.5 in [6℄) we onlude easily that

R is the right ideal assoiated with some left-ovariant FODC (� ; d) over A. Sine X

is �nite dimensional, X

??

= X . Hene, X is the quantum Lie algebra of (� ; d). 2

Obviously, if X is a quantum Lie algebra, so is X

�

.

3 Left-ovariant �rst order Di�erential Caluli on

SL

q

(N)

Let `

+

= (`

+

i

j

) and `

�

= (`

�

i

j

) be theN�N matries of linear funtionals `

+

i

j

and `

�

i

j

on

A = SL

q

(N) as de�ned in [2℄. Reall that `

�

is uniquely determined by the properties

that `

�

: A ! M

N

(C) is a unital algebra homomorphism and `

�

i

j

(u

n

m

) = p

�1

(

^

R

�1

)

in

mj

for i; j; n;m=1; : : :; N , where p is an N -th root of q,

^

R is the R-matrix of the quantum

group SL

q

(N), and u = (u

n

m

) is the fundamental matrix orepresentation of SL

q

(N).

In this setion we de�ne N

2

� 1 dimensional left-ovariant FODC (�

r

; d), r = 1; : : : ; 4,

over A = SL

q

(N). We set

X

ij

= ��

�1

`

+

j

j

`

�

j

i

; X

ji

= q

2Æ

jN

�

�1

g

i

`

�

i

i

`

+

i

j

; i < j;
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X

i

= q

�1

�

�1

(g

i

� 1); i = 1; : : : ; N � 1; g

i

= (`

+

i

i

`

�

N

N

)

2

for r = 1;

X

ij

= �q

�2Æ

i1

�

�1

h

j

`

+

j

j

`

�

j

i

; X

ji

= �

�1

`

�

i

i

`

+

i

j

; i < j;

X

j

= q�

�1

(1� h

j

); j = 2; : : : ; N; h

j

= (`

+

1

1

`

�

j

j

)

2

for r = 2;

X

ij

= q

2Æ

jN

�

�1

�(`

�

j

i

)`

�

i

i

g

i

X

ji

= ��

�1

�(`

+

i

j

)`

+

j

j

; i < j;

X

i

= q

�1

�

�1

(g

i

� 1); i = 1; : : : ; N � 1; for r = 3;

X

ij

= �

�1

�(`

�

j

i

)`

�

i

i

; X

ji

= �q

�2Æ

i1

�

�1

�(`

+

i

j

)`

+

j

j

h

j

; i < j;

X

j

= q�

�1

(1� h

j

); j = 2; : : : ; N; for r = 4:

Let X

r

, r = 1; : : : ; 4, denote the linear span of the funtionalsX

ij

; i j= j; i; j = 1; : : : ; N ,

and X

n

, n = 1; : : : ; N � 1 (2; : : : ; N), for r = 1; 3 (r = 2; 4).

Computing the oproduts of these funtionals we obtain for r = 1 and i < j:

�X

ij

= 1
X

ij

+

j�1

X

m=i

X

mj


 `

+

j

j

`

�

m

i

;

�X

ji

= g

i


X

ji

+

j

X

m=i+1

X

mi


 g

i

`

�

i

i

`

+

m

j

;

�X

i

= 1
X

i

+X

i


 g

i

; i = 1; : : : ; N � 1;

for r = 2 and i < j:

�X

ij

= h

j


X

ij

+

j�1

X

m=i

X

mj


 h

j

`

+

j

j

`

�

m

i

;

�X

ji

= 1
X

ji

+

j

X

m=i+1

X

mi


 `

�

i

i

`

+

m

j

;

�X

j

= 1
X

j

+X

j


 h

j

; j = 2; : : : ; N:

These formulas show that �X � 1
X 2 X

r


A

Æ

for all X 2 X

r

, r = 1; 2. The

omputations for r = 3; 4 are quite similar. Therefore, by Lemma1 the vetor spae

X

r

, r = 1; : : : ; 4, de�nes a left-ovariant FODC over A.

Using the pairing between SL

q

(N) and U

R

we verify that X

ij

(u

k

l

) = Æ

ik

Æ

jl

for i j= j and

X

i

(u

k

l

) = Æ

kl

(Æ

ik

� q

�2

Æ

kN

), i = 1; : : : ; N � 1, r = 1; 3, and X

j

(u

k

l

) = Æ

kl

(Æ

jk

� q

2

Æ

1k

),

j = 2; : : : ; N , r = 2; 4.

Now we will onsider the �-strutures. In ase SL

q

(N;R), jqj = 1, we get X

�

r

= X

r

,

r = 1; : : : ; 4. Hene, all four aluli are �-aluli. In ase SU

q

(N), q 2 R, we get

X

�

1

= X

3

and X

�

2

= X

4

. Hene, none of them are �-aluli with respet to SU

q

(N).

We shall study the alulus X

3

in more detail. Let f!

ij

; !

n

: i j= j; n = 1; : : : ; N � 1g

(resp. fu

i

j

; u

n

n

� 1 : i j= j; n = 1; : : : ; N � 1g) be the dual basis of �

inv

(resp. of ker "=R)

to the basis fX

ij

; X

n

g of X .

Let # denote the Heaviside symbol, i. e. #(m) = 1 if m > 0 and #(m) = 0 if m � 0.
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The ommutation rules between matrix entries and 1-forms are as follows:

!

ij

u

l

k

= q

Æ

ik

+Æ

jk

�2Æ

Nk

u

l

k

!

ij

+ �#(k � j)u

l

j

!

ik

;

!

ji

u

l

k

= q

�Æ

ik

+Æ

jk

u

l

k

!

ji

� �#(i� k)u

l

i

!

jk

;

!

i

u

l

k

= q

2Æ

ik

�2Æ

kN

u

l

k

!

i

+ q�#(k � i)u

l

i

!

ik

:

Note that the ommutation rules are losed in the upper (i < j) and lower (i > j)

triangle of left invariant 1-forms, respetively, while the ommutation rules on the

diagonal !

i

are not losed.

The assoiated right ideal R

3

of ker " is generated by the following set of quadrati-

linear terms:

u

i

j

u

k

l

for i j= j; i j= l; k j= j; k j= l; u

i

j

u

j

i

for i j= j;

u

i

a

u

a

j

for i > a; j > a and for i < a; j < a;

u

i

a

u

a

j

� �u

i

j

for i < a < j and for i > a > j;

u

a

a

u

i

j

� q

2Æ

ia

�2Æ

aN

u

i

j

for i < j; u

a

a

u

i

j

� u

i

j

for i > j;

(u

i

i

� q

�2Æ

iN

)(u

i

i

� q

2�2Æ

iN

); i = 1; : : : ; N ;

(u

i

i

� 1)(u

j

j

� q

�2Æ

jN

) for i < j; V � "(V):

Note that V :=

P

N

i=1

q

2Æ

iN

u

i

i

is the only linear element of A that is annihilated by X

3

.

We abbreviate q

j

:= q

2Æ

jN

and q

nij

:= q

2(Æ

ni

�Æ

nj

+Æ

jN

)

. Throughout let i < j < k < l.

Then the ommutation rules between the fX

i

g

i2I

, I = f(i; j); n: i j= j; n = 1; : : : ; N �

1g are as follows:

X

ij

X

il

� qq

l

X

il

X

ij

= 0;

X

il

X

jl

� qX

jl

X

il

= 0;

X

ij

X

jl

� qq

l

X

jl

X

ij

� qq

l

�X

il

X

j

= q

l

X

il

;

X

ij

X

kl

� q

l

X

kl

X

ij

= 0;

X

jk

X

il

� q

l

X

il

X

jk

= 0;

X

ik

X

jl

� q

l

X

jl

X

ik

� q

l

�X

il

X

jk

= 0;

X

ji

X

li

� qX

li

X

ji

= 0;

X

li

X

lj

� qX

lj

X

li

= 0;

X

ji

X

lj

� q

�1

X

lj

X

ji

= �q

�1

X

li

;

X

ji

X

lk

�X

lk

X

ji

= 0;

X

kj

X

li

�X

li

X

kj

= 0;

X

ki

X

lj

�X

lj

X

ki

� �X

li

X

kj

= 0;

X

ij

X

li

� q

�1

q

�1

l

X

li

X

ij

+ q

�1

l

�X

lj

X

i

= �q

�1

q

�1

l

X

lj

;
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X

il

X

lj

� q

�1

q

�1

l

X

lj

X

il

= X

ij

;

X

ij

X

lj

� q

�1

q

�1

l

X

lj

X

ij

= 0;

X

ij

X

lk

� q

�1

l

X

lk

X

ij

= 0;

X

il

X

kj

�X

kj

X

il

= 0;

X

ik

X

lj

� q

�1

l

X

lj

X

ik

+ q

�1

l

�X

lk

X

ij

= 0;

X

ji

X

il

� qX

il

X

ji

= X

jl

;

X

li

X

jl

� q

�1

q

l

X

jl

X

li

+ q

l

�X

ji

X

l

= �q

�1

q

l

X

ji

;

X

ji

X

jl

� q

�1

X

jl

X

ji

= 0;

X

ji

X

kl

�X

kl

X

ji

= 0;

X

li

X

jk

� q

l

X

jk

X

li

= 0;

X

ki

X

jl

�X

jl

X

ki

+ �X

kl

X

ji

= 0;

X

il

X

li

� q

�1

l

X

li

X

il

= X

i

�X

l

;

X

n

X

m

�X

m

X

n

= 0;

X

n

X

ij

� q

nij

X

ij

X

n

= q

�1

�

�1

(q

nij

� 1)X

ij

;

X

n

X

ji

� q

�1

nij

X

ji

X

n

= q

�1

�

�1

(q

�1

nij

� 1)X

ji

:

Summarizing the preeding we obtain

1. X

r

, r = 1; : : : ; 4, is an N

2

� 1 dimensional left-ovariant FODC on SL

q

(N).

2. The relations of the algebra U

r

generated by X

r

are quadrati-linear. To be more

preise, there are omplex matries � = (�

ij

kl

) and C = (C

k

ij

), i; j; k; l 2 I, suh that

X

i

X

j

�

X

k;l

�

ij

kl

X

k

X

l

=

X

m

C

m

ij

X

m

; i; j 2 I:

The matrix � is diagonalizable and has eigenvalues �1 and 1 with multipliities

�

N

2

�1

2

�

and

�

N

2

2

�

, respetively. The struture onstants C are antisymmetri, i. e.

C�

t

= �C.

3. The algebra U

r

has a linear basis

fX

m

1

i

1

: : :X

m

n

i

n

: i

1

< i

2

< : : : < i

n

; i

k

2 I;m

k

2 N

0

; k = 1; : : : ; ng; n = N

2

� 1;

with respet to an arbitrary order of the index set I.

4 Higher Order Caluli

Given a left-ovariant FODC (� ; d) on A. Let R be the assoiated right ideal of (� ; d)

and S:R ! �

inv


�

inv

the linear mapping de�ned by S(r) = !(r

(1)

)
 !(r

(2)

). Let S

2
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be the subbimodule of � 


A

� generated by S(R). Furthermore, let S be the ideal of

the tensor algebra �




=

P

n

�


n

generated by S

2

.

Then �

^

= �




=S is alled universal exterior algebra assoiated with (� ; d). By on-

strution, �

^

is a left-ovariant bimodule and a Z-graded algebra.

Proposition 2. Let (� ; d) be a left-ovariant FODC over A and let �

^

be the universal

exterior algebra built over (� ; d). Then there exists one and only one linear mapping

d:�

^

! �

^

suh that

1. d inreases the grade by one.

2. d extends d:A! � .

3. d ful�lls the graded Leibniz rule.

4. d

2

= 0.

5. d is left-ovariant, i. e. �

L

(d�) = (id 
 d)�

L

�, � 2 �

^

.

(�

^

; d) is alled universal di�erential alulus assoiated with the left-ovariant FODC

(� ; d). Woronowiz' onstrution of higher order aluli for biovariant FODC an be

obtained by taking a quotient of the universal di�erential alulus (�

^

; d).

The mapping dj

�

inv

is given by d!(a) = �!(a

(1)

) ^ !(a

(2)

).

We apply the above onstrution to the left-ovariant FODC X

r

, r = 1; : : : ; 4. Fix an

arbitrary linear order of I.

Theorem 3. Let (�

^

; d) be the universal left-ovariant di�erential alulus assoiated

with one of the FODC (�

r

; d), r = 1; : : : ; 4. Then

dim(�

^k

inv

) =

 

N

2

� 1

k

!

; k � 1:

More preisely, the set f!

i

1

^ !

i

2

^ : : : ^ !

i

k

: i

1

< : : : < i

k

; i

j

2 I; j = 1; : : : ; kg is a

basis of the vetor spae �

^k

inv

.

In partiular, for k = 2 Theorem3 states that the spae of left-invariant 2-forms is

equal to ker (� + id ) (where � is the linear mapping �

inv


 �

inv

! �

inv


 �

inv

de-

�ned by !

i


!

j

7!

P

k;l

�

kl

ij

!

k


!

l

.) In ontrast, there are examples of three dimensional

quadratially losed FODC on SU

q

(2) whose spae of left-invariant 2-forms is only two

dimensional.
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