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Quantum chemical (CCSD(full)/6-311++G(3df,2pd), CCSD(T)(full)/6-311++G(3df,2pd)) and 
density function theory (B3LYP/6-311++G(3df,3pd))  calculations were performed for the 
SN2  nucleophile  substitution  reactions  CH4+H-→CH4+H- and CH4+F-→CH3F+H-.  The 
calculated  gradient  reaction  pathways  for  both  reactions  have  an  unusual  behavior.   An 
unusual saddle point of index 2 lies on the gradient reaction path. Using Newton trajectories 
for the reaction path, we can detect VRI point at which the reaction path branches. 

1. Introduction

Mechanisms of a gas-phase bimolecular nucleophilic substitution at the tetrahedral carbon 
atom [1] are well studied experimentally [2-6] and theoretically 
[1,7-18]. However their reaction pathways on the corresponding 
potential energy surface (PES) may be quite complex [15,17] and  they 
remain not studied enough. 

The  paths  of  such  reactions  begin  with  the  formation  of  the  pre-reaction  complex 

(intermediate)  A of reagents (Re) which usually corresponds to a minimum on the potential 

energy  surface  (PES)  of  the  system.  Then  pathways  pass  through  the  transition  state  C 

corresponding to the saddle point on the PES, and terminate at the minimum corresponding to 

the second pre-reaction (intermediate) complex B of products (Pr). The energy profile of this 

reaction has a simple double-well form, separated by an energy barrier. The pathway of a 



reaction, according to various calculations, is observed for almost all studied nucleophiles X, 

Y [1-18].  Although the distribution of  stationary points (minima 

and saddle points)  can be quite complicate  on the PES in the 

reaction zone [15,17].    

It was shown earlier [19] that the chemical system can infinitesimally slowly slide down on 

the PES along gradient lines (steepest descent lines), which, like equipotential lines, cannot 

branch outside of stationary points. Such a path goes downhill in both directions of the 

transition vector at the saddle point on the PES and enters the adjacent stationary points. It is 

called gradient reaction path [19]. The gradient reaction pathway is similar to the IRC [20] in 

the case of Cartesian coordinates with mass weighting.   It is  well adapted to the topology of 

the PES, which is observed for almost all the studied gas phase SN2 reactions [1-18]. 

However, when the PES topology has a more complex structure, gradient lines are not fine 

enough [21-25].  

In this paper we discuss a case where nucleophiles X, Y are the hydride anions X, Y = 

H, or hydride and fluoride anions X = H-, Y = F-. The IRC path which is supposed as a 

smooth  continuous  line,  connects  the  saddle  point  of  index  one,  C,  (the  transition  state) 

downhill with a SP of index 2, point  B, which corresponds to the top of a two-dimensional 

hill, cf. ref. [21]. Such combination has to be characterized by a VRI (valley-ridge inflection) 

point [25-37] in between.  There are  infinitely many gradient  lines  from point  B  to every 

neighboring minimum. The detection of the VRI point can be realized by the use of Newton 

trajectories (NT). The curves bifurcate at VRI points. However, gradient lines do not bifurcate 

outside stationary points.

It has been shown by Wales [38] and by Quapp [39] that the VRI point is coordinate 

invariant. (However,  it  is  not  invariant  on the quantum chemical  method to calculate  the 

PES.) If  it  exists  it  is  on  the  PES  in  any  coordinate  system  and  characterizes  the  PES 

topology. From the saddle point C (transition state of index one) on the PES to the tangential 

direction  of  the  transition  vector  only  one  gradient  line  leaves  and  this  gradient  line 

terminates  at  the  stationary  point  B.  This  follows  from  symmetry  arguments.  Only  a 

bifurcating NT can open the insight into the possibilities of bifurcating reaction pathways 

which circumvent hilltop B.  After point  B, the flow of infinitely many gradient lines goes 

down to the product minimum. So we have the queer case in that the IRC from the transition 

state to the product minimum does not consist of only one continuous line but of infinitely  

many lines.
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2. Methods

All calculations to find the stationary points in this paper were performed by standard 

methods  of  coupled  cluster  CCSD,  CCSD(T)  methods  including  all  electrons  (keyword 

“full”) and the density functional theory method B3LYP in the triple-split basis set 6-311+

+G(3df,3pd)  using  the  Gaussian  03  software  package  [40].  Optimization  of  molecular 

geometry  in  stationary points  at  all  levels  of approximation  has been performed with the 

convergence  criteria  "tight".  No  counterpoise  corrections  were  made  for  the  basis  set 

superposition error (BSSE) [41-44] in calculations.  All results  refer to the gas phase. The 

calculations of NTs where coupled with the GamessUS package [45-47] where the B3LYP/6-

311G(df,pd) method is used.

We calculate NTs by an Euler-Branin-step method following along the direction of the 

vector field A g of the so called Branin differential equation [48]

d x/dt = +- A(x) g(x),

where A is the adjoint matrix  of the Hessian, and g is the gradient of the surface, and t  is a 

curve length parameter. The iteration of the exact value of the VRI coordinates is done by the  

two methods described in refs  [34]. The methods allow us to exactly get the singular NT 

which meets the VRI point and branches there.

3. Results and discussion

3.1. Stationary points on the СH5
 – and FСH4

 - PES’s 

The  performed  quantum chemical  calculations  show that  the  PESs  of  the  CH5
- and 

FCH4
- SN2  reactions  (1)  have  stationary  points  in  the  region  of  the  structures  1-9. The 

geometric characteristics of these structures are shown in  Figs.  1 and  2. Total and relative 

values  of  the  energy,  as  well  as  of  the  values  of  the  zero  point  energy in  the  harmonic 

approximation  (ZPE)  for  the  structures  of  1-9 and  isolated  molecules  of  methane, 

fluorometane, hydride and fluoride anions are given in Table 1. Structures corresponding to 

the radicals or results of a system decay are not considered. According to the calculations, the 

structure of 1, 5 and 9 corresponds to the minimums (λ=0), the 2, 4, 6 and 8 are saddle points 

of index one (λ=1), and the structures 3 and 7 correspond to the top of the "two-dimensional 

hill" (λ=2), thus they are saddle points of index two.
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Fig.1. Geometrical parameters for structures 1-4 are predicted by B3LYР/6-311++G(3df,3pd) 

(plain), CCSD(full)/6-311++G(3df,3pd) (italic) and CCSDT(full)/6-311++G(3df,3pd)  (bold) 

methods. Bond lengths are given in Å.

Fig.2. Geometrical parameters for structures 5-9 are predicted by B3LYР/6-311++G(3df,3pd) 

(plain),  CCSD(full)/6-311++G(3df,3pd) (italic) and  CCSDT(full)/6-311++G(3df,3pd) (bold) 

methods. Bond lengths and valence angles are given in Å and degrees respectively.

Table 1. Data* obtained by B3LYР/6-311++G(3df,3pd), CCSD(full)/6-311++G(3df,3pd) and 

CCSDT(full)/6-311++G(3df,3pd) calculations for structures 1-9.
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STRUCTURE METHOD λ Etot ∆E EZPE ∆EZPE ω1

1, C3v B3LYP 
CCSD 
CCSD(T) 

0
0
0

-41,0756823
-40,9822130
-40,9893578

0
0
0

0.045400
0.045792
0.045523

0
0
0

193
163
172

2, C2v B3LYP 
CCSD 
CCSD(T)

1
1
1

-41,0736309
-40,9806340
-40,9875779

1.29
0.99
1.12

0.044791
0.045231
0.044918

0.91
0.64
0.74

i160
i144
i154

3, C3v B3LYP 
CCSD 
CCSD(T)

2
2
2

-41,0732035
-40,9802485
-40,9871359

1.56
1.23
1.39

0.044604
0.045032
0.044750

1.06
0.76
0.91

i96
i95
i104

4, D3h B3LYP 
CCSD 
CCSD(T)

1
1
1

-40,9992743
-40,8951151
-40,9067059

47.95
54.65
51.86

0.042322
0.042760
0.042220

46.02
52.75
49.79

i1411
i1650
i1580

STRUCTURE METHOD λ Etot ∆E EZPE ∆EZPE ω1

5, C3v B3LYP 
CCSD
CCSD(T)

0
0
0

-140.3483166 
-140.1301027
-140.1451098 

56.59 
54.63
55.72

0.039893
0.040737
0.040388

53.41 
51.54
52.65 

146
137
147

6, C3v B3LYP 
CCSD
CCSD(T)

1
1
1

-140.3382171 
-140.1084782
-140.1277473

62.93 
68.20
66.62

0.039770 
0.040845
0.040255

59.67
65.18
63.46

i708 
i985
i911

7, C3v B3LYP 
CCSD
CCSD(T)

2
2
2

-140.4307105 
-140.2101321
-140.2264056

4.89 
4.41
4.71

0.044378 
0.044838
0.044533

4.52 
3.89
4.24

i174
i147
i152

8, C2v B3LYP 
CCSD
CCSD(T)

1
1
1

-140.4323104 
-140.2112726
-140.2276283

3.88 
3.70
3.94

0.044637
0.045071
0.044739

3.68 
3.32
3.60

i274
i258
i273

9, C3v B3LYP 
CCSD
CCSD(T)

0
0
0

-140.4385004 
-140.2171621
-140.2339068

0
0
0

0.044968
0.045662
0.045279

0
0
0

204
196
204

* Еtot (in a.u.) - total energies (1a.u.=627.5095 kcal⋅mol-1); EZPE (in a.u.) - harmonic zero-point 
correction;  λ -  the number of the negative hessian eigenvalues; ω1 or  ι ω1 (in  cm-1) -  the 
smallest  or imaginary harmonic vibration frequency;  ∆E (in kcal⋅mol-1) -  relative energies 
(1a.u.=627.5095 kcal⋅mol-1); ∆EZPE (in kcal⋅mol-1) - relative energy including harmonic zero-
point correction.

It  is  important  to note  that  the  results obtained  by different  methods are  in  mutual 

agreement with  each  other  and with  the  data  of earlier studies  [49,50]. The  calculated 

geometry of methane CH4 and fluoromethane FCH3 are also in mutual agreement with MW 

measurements [51].

3.2. Reaction CH4+H-→CH4+H- 

According  to  calculations,  the  SN2 reaction  CH4 +  H-→ CH4 +  H- begins  with the 

formation of the di-hydrogen bonding complex 1, having an energy formation ~ 2 kcal⋅mol-1 
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(see Table 2). The length H...H bond and the energy formation (see Table 2) in complex 1 is 

comparable to a similar length and energy in other complexes with H...H bonding [52]. Note 

that the inclusion of ZPE does not greatly reduce the complex formation energy.

Table 2. The complexes' formation energy* (kcal⋅mol-1)

Structure Method without ZPE with ZPE
1 B3LYP

CCSD
CCSD(T)

2.59
2.21
2.56

2.06
1.67
2.01

5 B3LYP
CCSD
CCSD(T)

8.70
8.41
8.90

8.21
7.81
8.30

9 B3LYP
CCSD
CCSD(T)

7.79
7.60
8.26

7.53
7.14
7.87

*for 1 – relative to CH4 + H-

  for 5 -  relative to FCH3 + H-

  for 9 -  relative to CH4 + F-

Scheme 1

On the CH5
- PES there are three equivalent minima of 1', 1", 1'" with a different orientation 

of the H...H1,2,3C bonding. These three minima are separated by three transition states 2', 2" 

and 2'" corresponding to reactions of reorientation of the hydride ion H- from one HC bond to 

another (see Scheme 2)  with an energy barrier ~ 1 kcal⋅mol-1 (see Table 1).   Note that 

similar three equivalent (hydrogen-bonding)  minima  connected 

by TS were found in [15] however any second order SP was not 

discovered in the reaction zone. 
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Scheme 2

To follow the gradient reaction path is easy from the saddle point (transition state)  4. 

Gradient lines only terminate at stationary points. From the saddle point 4 only one gradient 

line (steepest descent path) emanates tangentially to the transition vector towards the product 

(or in the opposite direction towards the reactant), and the gradient line can only terminate, by 

symmetry reasons, at the neighborhood stationary point 3' (or in the reverse direction at point 

3),  which  corresponds  to  the  top  of  a  two-dimensional  hill  (λ=2).  The  C3v point  group 

symmetry for the molecular configuration is preserved along the gradient line down to the 

next stationary point 3' (or 3). An infinite number of gradient lines emanating from point 3' 

tangentially to the double degenerate imaginary vector lead to further downhill. All the ways 

terminate at the three minima 1', 1'', or 1''', while only three gradient lines connect the points 

3' of index two with the saddle points  2, 2', or  2''.  Fig. 3 illustrate this. We calculate the 

gradient lines for a model analytic function that mirrors the topology of the CH5
-  PES in the 

region of the reorientation reactions (see Scheme 2).
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Fig. 3. Surface sections and gradient lines (red or white lines) for a model analytic function 

which  mirrors  a two-dimensional  part  of  the CH5
- PES in the region of the  reorientation 

reactions (see Scheme 2).  An infinite number of gradient lines connects point  3' with each 

minimum 1', 1'', or 1''' while only three gradient lines connect 3' to saddle points in between 

(transition states) 2, 2', or 2''. Along these three gradient lines a VRI point does not emerge.

A VRI (valley-ridge inflection) point [25-37] must exist in front of point 3' (or 3) on the 

PES, at which two PES curvatures in the perpendicular direction to the reaction path have to 

change from a positive to a negative value. At the VRI point the reaction path can trifurcate  

(or branches) towards the three equivalent minima 1', 1", or 1'". However, the side branches 

cannot be gradient lines because these lines cannot bifurcate at the slope – it is consistent with 

the statement of the uniqueness of the IRC-minimum energy path [20]. The gradient path 

directly  connects  stationary  points,  and  it  cannot  branch  at  the  slope  of  the  PES.  The 

bifurcation cannot be described by steepest descent pathways.

3.3. Study of the reaction path bifurcation on the way from 4 to 3
 
The bifurcation cannot be described by steepest descent pathways. This is the reason that we 

change our point of view and use here another kind of curves, the Newton trajectories (NT) 

[26-29]. A NT is a geometrically defined pathway which may serve as a reaction path.
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Geometrically defined means that only properties of the PES are taken into account like in 

the definition of the SD, however, no dynamical  behavior of the molecule is used. Some 

years ago, the distinguished coordinate along the valley of the minimum was transformed 

into a new mathematical form [26,27]. The concept is that any preselected gradient direction 

is fixed

      

       g(x) / |g(x)| =  r ,

      

where r is the unit vector of the search direction,  g is the gradient of the PES, and x is the 

current curve point. The search direction may correspond to an assumed start direction of a 

chemical  reaction.  For  example,  it  may  be  the  direction  between  the  two  minimums  of 

reactant and product. Or it can be the direction along a valley of the minimum, or any other 

direction. A curve belongs to the search direction r, if the gradient of the PES always remains 

parallel  to  the direction  r at  every point  along the curve.  An infinite  number  of NTs to 

different  directions  crosses  the  same  stationary  point  but  may  fill  the  space  between  a 

minimum and an SP.  All NTs of the same family concentrate at the same SP. It is simply a  

consequence  of  the  definition  of  the  NTs:  the  gradient  vector  is  the  zero  vector  at  the 

stationary  points.  All  search  directions  can  flow  into  the  zero  vectors  if  the  gradient 

disappears. If one imagines the NT to be a curve of the system point driven by a force in a 

fixed direction, then the NT may indeed fill the gap between the static IRC and dynamical 

trajectories. However, this is an abstract imagination. A numerical method to get such a curve 

is the Branin differential equation outlined in the Introduction. Note that a former name of the 

method was reduced gradient following (RGF) [26,27]. 

Here, we use the most important property of the NTs: they bifurcate at valley-ridge inflection 

points of the PES [26-29]. NTs can start like the gradient lines at the SP 4 in the direction of 

the SP col and can go downhill analogously. The col direction is a stretching of the distance  

of one outer H atom (the distance CH6, see structure in Fig. 4 top right), and the shortening of 

the distance of the diametric H-atom (the distance CH2, see structure in  Fig. 4  top right). 

Along the first steps the curvature of the path is negative. It corresponds with the eigenvalue 

i1411 in Table 1.  Anywhere along the path,  this  stretching eigenvalue  changes  into plus 

values and forms the incoming direction at the structure 3, an SP of index two. Because the 

path comes from above, the curvature has to be really positive; this direction works like a 

normal  mode  in  a  minimum.  However,  the  structure  3  is  an  SP of  index  two.  The  two 

negative eigenvectors now concern the angle and the dihedral of the outer H-atom, H6. Thus, 
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before  3,  on the pathway, there must be a change from the positive curvature of these two 

angle directions into two negative curvatures. NT calculations allow us to exactly detect the 

region of the PES where the bifurcation takes place. In  Fig. 4 we show a two-dimensional 

section  of  the  two  distances  of  the  outer  H  atoms,  with  an  inlay  for  the  energy.  Two 

bifurcation points are only depicted by a dot; the two distances themselves do not bifurcate. 

In contrast,  in  Fig. 5, we show the two-dimensional section of the distance of H6 and its 

angle. We found a putative triple point of the path bifurcation. It is not a single bifurcation 

but a quite complicated net of single ‘normal’ VRI points with bifurcating branches surround 

it. Often the branches connect the VRIs themselves, others go into the PES mountains, or 

they are quasi cyclic  NTs  [53]. The last  kind of NTs indicates  a flat,  but valley without 

stationary  point.  At  the  diverse  VRI  points  either  the  first  eigenvalue,  or  the  second 

eigenvalue goes individually through zero where the other one stays on a low level. In the 

region between the VRI points there emerges a larger strip of disappearing numbers of both 

eigenvalues, thus, the ‘double-zero’ really happens. A deeper discussion of the NT theory for 

the case should be moved into a next paper. 

Altogether,  the  full  region  of  VRI  points  contains  a  transition  of  the  eigenvalues  of  the 

outgoing H6 from positive to negative values, as expected, but the bifurcating branches do not 

lead into the minimum region of the molecule. This event may emerge at the structure 3 itself 

building an SP of index two, as well as a bifurcation point. The VRI region is the end of the 

downhill  valley  from SP1. However,  the  valley  does not  bifurcate  there.  The bifurcation 

concerns the uphill ridge from SP2. Its side branches go further uphill as ridges.
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Fig. 4. A singular NT trough the region of the VRI points connecting SP1 (4) and SP2 (3) 

calculated with GamessUS by the B3LYP/6-311G(df,pd) method. Of course, it is only a 2-

dimensional projection. The inlay is the energy profile over the NT.

DFT (B3LYP/6-311++G(3df,3pd)  calculations of IRC and steepest descent paths also 

show that VRI point locate in the region of the C-H6 value equal  ≈2.6 Å. The two projected 

degenerated negative frequencies of SP2 (structure 3) in the region C-H6 ~ 2.65 - 2.6 Å along 

the path are changed from a negative value to a positive one.
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Fig. 5. PES of CH5
- in the projection into the plane of distance C-H6 and angle H5-C-H6 (see 

designation in Fig.4). On the pathway from SP1 to SP2 emerges a net of VRI points, where the 

path changes from valley character to a ridge of index two. The SP1 valley finishes at the first 

VRI point. There is a singular NT (bold line) through the region which connects the two SPs. 

Some branches of different bifurcation points are shown by thin lines. They circumvent the 

region, or escape uphill, or go also downhill, after some cycles, to the SP2. NTs can start at 

SP2 in every direction.

The two eigenvalues of the angle and dihedral of H6 are positive before the VRI region, 

but after the region they both are negative.
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3.4. Reaction H-+FCH3→CH4+F-

The  reaction  H-+ FCH3 → CH4 +  F- begins  with  the  formation  of  the  complex 5, 

stabilized by a hypervalent H-...CF interaction [54,55], the energy formation (~8 kcal⋅mol-1) of 

which is much greater than this in 1 (see Table 2). The distance H...CF is shorter than sum of 

the van der Waals radii of carbon and hydrogen atoms (3.05 Å) [56]. Accounting ZPE almost 

has  no effect on the formation of the energy of the complexes. After that the  reaction path 

passes through a transition state 6 of the  C3v symmetry, from which  analogously, as in the 

previous case, the gradient reaction path enters a two-dimensional hill top 7. Before point 7 

on the PES as well as in the previous case, there there has to be the VRI point. In Fig. 6 the 

energy profile  is presented (left side picture) along the steepest descent path from the point 

corresponding to structure 6 (transition state structure) to point 7 (structure corresponding to 

the top of the two dimensional hill). Along this entire path the C3v symmetry of the structure is 

conserved. The topological structure of the PES is changed from positive curvature (upper left 

paraboloid)  along  two orthogonal  directions  to  the  reaction  path,  to  zero  curvature  (blue 

plane) at the VRI point, and to negative curvatures after the VRI point (below left inverted 

paraboloid) till point 7.

Fig. 6. Calculated by B3LYP/6-311++G(3df,3pd) method energy profile (left side picture) 

along the steepest  descent  path from structure  6 (transition  state  structure)  to  the point  7 

(structure corresponding to the top of the two dimensional hill). In the right side picture is  

shown the behavior of the two projected double degenerated harmonic frequencies along the 

steepest descent path in the region of the VRI point. R is the C...F distance. The upper left red 
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point designates the area near point  6 where the hypersurface has the  paraboloid form with 

positive curvature along two orthogonal directions to the reaction path. At the VRI point this 

paraboloid convert to a plane and after the VRI point the plane transforms into an inverted  

paraboloid with two negative curvatures.  The right side of Fig. 6 shows the behavior of the 

two projected doubly degenerated harmonic frequencies being orthogonal to the reaction path. 

The displacement goes along the steepest descent path in the small region around the VRI 

point where the frequencies change their value from positive to negative.

Scheme 3

From the top of a two-dimensional hill 7, as well as in the previous case, the flow of 

gradient lines goes down to the product minima 9', 9'' and 9''' (see Scheme 3).  

Scheme 4

Out of this stream only three gradient lines, which are  the separatrix on the PES, are 

crossing saddle points (transition states) 8, 8' and 8"(see Scheme 4). 

14



Such an unusual topology of the PES is obtained for the first time and leads to the three 

following conclusions.

First, there is no limitation of the distribution of stationary points of various types on 

the PES along the reaction path. An early similar limitation is considered to be the Morse 

relations [57]. However, the Morse relations only can be applied to the distribution of non-

degenerate stationary points in a limited region of the PES of full 3N-6 dimensions. Thus, the 

necessity to remove from a consideration all degenerate stationary points and poles out of a 

consideration makes the application of the Morse relations non-effective for  practical use.

Second, it is impossible to introduce strong rules which conserve symmetry elements 

(symmetry  point  group)  conserving  from one  minimum (reagent)  via  the  transition  state 

structure to another minimum (product). The usual symmetry conservation rules are based on 

the presumption that the reaction path which connects two minima (reagent and product) via 

an SP (transition state structure) is the single continuous smooth minimum energy reaction 

path (line) which not passes through other stationary points. Indeed in this case, according to 

Pearson's theorem [58], the symmetry elements are conserved along the reaction path; they 

contain  symmetry  elements  of  both  reagent  and  product.  Otherwise,  the  symmetry  point 

group which is conserved along the reaction path is a subgroup of the symmetry point groups 

of a reagent, transition state structure and product. However, another stationary point with 

λ>1 appears here, where the reaction path changes its direction on the steepest descent path 

from the highest transition state.

Third, in the general case there does not exists an unique smooth line depicting the 

reaction path and connecting the reagent minimum via transition state (or states) with the 

product  minimum  and  conforms  to  symmetry  conservation  rules  and  the  microscopic 

irreversibility principles.

4. Conclusions

Minimum energy reaction paths (IRC) for the SN2 nucleophile substitution reactions 

CH4+H-→CH4+H- and CH4+F-→CH3F+H- triplicate at a lower TS of index two. In between 

there is a region with many VRI points. After the SP of index two three equivalent families of 

lines emerge which enter three equivalent minima. Because, the gradient reaction path from a 

second index saddle point is not one single line, it is a full family of curves, an infinite flow of 

gradient lines emanating at the three equivalent product minima.
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